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1. INTRODUCTION 
In the literature there have repeatedly appeared criteria when a finite 
group G is solvable if it contains a maximal and nilpotent subgroup M. The 
most important ones are probably the following two: Thompson ([??I, 
Theorem 2, p. 580): G is solvable if it contains a maximal and nilpotent sub- 
group of odd order, and Deskins ([3] Th eorem 1, p. 306): G is solvable if it 
contains a maximal and nilpotent subgroup whose class is at most 2. Since, 
according to Ito [.5], there exist simple groups containing maximal 2-Sylow 
groups, Thompson’s and Deskins’ results show that the 2-Sylow groups are 
the “trouble-shooters.” 
In Section 2 of this paper we will characterize all finite solvable groups G 
containing a maximal and nilpotent subgroup M, and it will be shown that G 
is factorized into M and a p-Sylow group P of G, i.e. G = PM. 
Furthermore, in Section 3 we will characterize all solvable groups G which 
contain a maximal 2-Sylow group M which admits a nontrivial partition. 
This characterization will depend on the results of Section 2. 
Throughout the paper the following notation is used: 
All groups are finite 
p = prime number 
G, = p-Sylow group of G 
H,(G) = subgroup of G generated by all elements of G whose order is 
not p. 
I f  n is an integer, Gs = subgroup of G generated by all g”, g E G. 
N(H) = normalizer of H in G 
C(H) = centralizer of H in G 
1 G 1 = order of G, [G : H] = index of the subgroup H in G. 
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N a G, i.e., N is normal in G; N Q G, i.e., N d G and N f G. 
Hg = g-IHg 
car(H) = n,o Hg 
If G is nilpotent, then “class of G” means the nilpotency class of G. 
If a and b are integers, then a/b means a divides 6, a~ b i.e. a does not 
divide b, and (a, b) = greatest common divisor of a, 6. 
Hall subgroup H of G; i.e., (1 H [, [G : H]) = 1. 
If S is a subgroup of H and Ha subgroup of G, then S is called “strongly 
closed in H” if H n 5’s’ < S for all g E G. 
If H is a subgroup of G, then Y(G, H) is the transfer from G into Hand 
ker V(G, H) is the kernel of this homomorphism. 
If x, y E G then x o y = x-iy-ixy and A o B is the subgroup of G 
generated by all a o 6, a E A, b E B. 
The “derivatives G(“) of G” are defined as G(O) = G, G(l) = G o G, 
G’n+l’ = G(n) o G(n). 
A partition 71 of G is a nonempty set of subgroups of G such that each 
1 f g E G is contained in one and only one X E n. Each X is called a 
component of rr. n is called “nontrivial” if X E 7c implies X f G. If S is 
a subgroup of G, then S is called r-admissible iff S n X = 1 or = X for 
all X E 7. 
2. A CHARACTERIZATION OF THE CLASS OF SOLVABLE GROUPS 
CONTAINING MAXIMAL AND NILPOTENT SUBGROUPS 
LEMMA 1. If G is a splitting extension of L 4 G by M, then each normal 
subgroup S g M is strongly closed in M. 
Proof. Consider G = ML, M n L = 1 and let g be any element in G. 
Hence g = mb, where m E M and b EL. Let 
t E M n g-?Sg = M n b-lm-?Smb = M n b-Wb. 
Thus t = b-lsb E M where s E S a M. 
Form s-lt = s-lb-4b E M n L = 1. Therefore t = s E S for all 
t E M n g-?Sg and for all g E G; i.e., M n g-?Sg < S for all g E G. 
LEMMA 2. If M is a nilpotent subgroup of G, then the following properties 
of M are equivalent: 
(i) Mck) is strongly closed in IM, 
(ii) Ptk) is strongly closed in P for every Sylow group P of M. 
Proof. (i) * (ii): Let P be any p-Sylow group of M and Q the p-Sylow 
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complement of P. Hence M = P @Q and MC”) = Pfk) @Q(“). Since 
M n g--lM(“)g < Mfk) for all g E G, 
(P @ Q) n (P(k)g @ Q’“)r) < Ptk) @Q(k), 
Hence P n Pck)g < (P 0 Q) n (Pck)r @ Q(“)g) < Pfk) @Q’“). Since Pck) is 
thep-Sylow group of Pck) @ Qck) and P n Pck)e is ap-group, P n P(Ug < Pck) 
for all g E G; i.e., PCs) is strongly closed in P for all Sylow groups P of M. 
(ii) 3 (i). Let M = PI @ -0. @ P, , where Pi is the pi-Sylow group 
of M and Pi n Pjkjg < Pjk) for all g E G and for all i = I,..., 71. 
Considert E M n M’“)r < M(“)g = Pjk)g @ a** @ Pi”)g.Hencet = arQ .** unS 
where a, E 4”) and o(ui) is a pi-power. Since o(a,g) = ~(a~), u,U E Pi . Thus 
by the strong closure of Pjk) in Pi , it follows that uiU E Pi n Pjkju < Pjk). 
for all i = I,..., n. Therefore 
t = u1’J ...un”Ep,(“)@ . . . @p?’ = M(k) 
for all t E M n M(“)g and for all g E G; i.e., M n Mtk)g < M(“) for all g E G. 
LEMMA 3. The following properties of the p-Sylow complement S of G are 
equivalent: 
(i) S is subnormal in G; 
(ii) S a G. 
Proof. (i) * (ii). S is subnormal in G means that there exists an integer 
n > 0 such that S = S, Q .** Q S, = G where [Si+r : S,] is a p-power. 
Let Q be any q-Sylow group of G and q f p. If x E Q then 1 S,/S,, 1 = 
p-power implies x E S,-, . Hence, by induction x E S. Therefore S contains 
all q-Sylow groups of G for all q f p. Hence S is generated by all q-Sylow 
groups of G for all q f p. Thus S is characteristic in G, so that in particular 
Sg G. 
(ii) 3 (i). Clear. 
THEOREM 1. The following properties of the group G and its maximal 
subgroup M with solvable core C = car(M) and nilpotent core fuctorgroup M/C 
are equivalent: 
(i) G is soleruble; 
(ii) the derivatives of M/C are strongly closed in M/C. 
Proof. (i) * (ii). Consider H = G/C containing the maximal and 
nilpotent subgroup L = M/C. Clearly, car(L) = 1. Since H is solvable, by 
Baer ([I], Lemma 2, p. 119) there exists an elementary Abelian normal 
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subgroup P (I H such that H = PL, P n L = 1 and P is an elementary 
Abelian normal p-Sylow group of H since L, as a maximal and nilpotent 
subgroup of H with car(L) = 1, is Hall in H. Hence H is the splitting 
extension of P by L, and therefore by Lemma 1 each derivative of L is strongly 
closed in L. 
(ii) * (i). Let H = G/C and L = M/C. Since C is solvable, one has 
to show the solvability of H. Observe that L is maximal in H and nilpotent. 
If L 4 H, then H is solvable. Therefore, from now on, L = N(L). Since L 
is nilpotent and maximal with car(L) = 1, each p-Sylow group P of L is also 
a p-Sylow group of H and N(P) = L. By a well-known theorem in transfer 
theory (see e.g. Scott [7], p. 393, 13.5.2) V(H, P) E P/PI, where 
P, = {P n N(P)“‘, P n Iz;~P%, ,..., P n hjylP(%,} 
and where h, ,..., h, are all the elements of H. Since car(L) = 1, N(P) = L. 
Since L is nilpotent, P n L(l) = P(l). Since L(l) is strongly closed in L, by 
Lemma 2, P(l) is strongly closed in P and hence P n P(ljh < P(l), 
for all h E H. Therefore PI = P(l). Let HI = ker V(H, P). Hence 
1 H/H, I = I Wcl’ I, so that the order of a p-Sylow group of HI equals 
1 P(l) I. Since 
P(l) < P n HI < HI . Hence P(l) is ap-Sylow group of HI and P(l) = P n HI 
since P n HI is a p-group. 
Let H = H,, , HI = ker V(H,, , P(O)), H,+1 = ker V(H, , Pci)), 
pCi+l) = p(i) n Hj+l = P n Hi+, = p-Sylow group of Hi+l, i > 0. 
(Note: pCi+l) = p n Hi+, is a p-Sylow group of Hi+l if and only 
if P@+l) = Pci) n Hi+, is a p-Sylow group of Hi+,). 
Now induction will prove the validity of the preceding relations for all 
i > 0, namely, consider the transfer of Hi+1 into Pci+l) provided that 
Pci+l) # 1. Again 
where 
Pi+2 = {P@+l) n (N(P@+l)) n Hi+p,..., P(i+l) n P(i+z)hi ,...}, 
where h, ,..., hi ,..., Jlk are all the elements in Hi+, and N(Pfifl)) n Hi+, is 
the normalizer of Pci+l) in Hi+1 ; furthermore, H,+,/H,+, s P’i+1’/Pi+2 . 
Since car(L) = 1, N(P(*+l)) = L. 
Since L is nilpotent, L n H,+l is nilpotent and hence 
L n Hi+, = (P n (L n H,+J) @ (P* n (L n Hi,,)) 
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where L = P @ P* and therefore 
L n Hi+l = (P n Hi+l) @ (P* n Hi+,) = Pci+l) @ R, 
where R = P* n H,+r . Hence (L n Hi+,)(l) = P(i+z) @ R(l). Thus 
P(i+l) n (N(P(i+l)) n Hi+,) (1) = pCi+l) n (pCi+Z) @R(l)) = fJCi+Z). 
Since the derivatives of L are strongly closed in L, by Lemma 2, P(i+2) is 
strongly closed in P. Therefore P (i+l) n p(i+B)h < p n p(i+f)h < p(i+2). 
Thus Pif2 = {pCi+2), subgroups of p(if2)) = P(i+z) and hence if 
Hi+2 = ker V(H,+, , P(i+l)), then H,+,/H,+, z P(i+l)/P(i+2). Since P(i+l) 
is a p-Sylow group of Hi+, and since 1 H,+,/H,+, 1 = 1 P(i+1)/P(i+2) 1, the 
order of a p-Sylow group of Hi+, equals 1 P(i+2) I. Consider 
P(i+l)/P(i+2) n Hi+, s P(i+1)Hi+2/Hi+2 < H,+,/H,+, s P(i+l)/P(i+2). 
Therefore P(i+l)/P(i+l) n Hi+2 is Abelian and hence 
p(i+2) < p(i+l) n Hi+, = Hi+, ; 
thus P(i+2) is a p-Sylow group of Hi+2 . Since Pci+l) n Hi+, is a p-group, 
p(i+z) = p(i+l) n Hi,, = p n Hi+2 . 
Since for sufficiently large m > 0, P (m) = 1, the preceding induction shows 
that there exists a subnormal subgroup H, of H,, = H such that 
[H : H,] = 1 P I. By Lemma 3 the subnormal p-Sylow complement H, is 
normal in H. Since H, depends on p and since m is irrelevant, H, will be 
called H(p). 
Now consider K = &+, H(p). Clearly, H = KL and K n L = 1. Let 
z be an element of order a prime p in Z(L). Since car(L) = 1, z acts fixed 
point free on K. Hence by Thompson ([8], Theorem 1, p. 579) K is nilpotent; 
i.e., His the splitting extension of a nilpotent group K by a nilpotent group P 
and thus H is solvable. Since H = G/C, where C is solvable, G is solvable. 
Note. The preceding proof can be reduced to the last 5 lines if it is known 
that L = M/C is not a Sylow group of H = G/C. Assume that L is not a 
Sylow group of H. Then, since L is corefree maximal and nilpotent, L is a 
nilpotent Hall subgroup of H whose Sylow groups have normalizer L in H. 
Hence by Wielandt ([9], Hilfssatz 9) there exists a normal subgroup K 4 H 
such that H = KL and K n L = 1. Again choose z E Z(L) where o(z) = p 
and the nilpotency of K follows as before, so that H, and a fortiori G, is 
solvable. 
An immediate consequence of Theorem 1 is the following: 
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COROLLARY 1. The following properties of the group G and its maximal and 
nilpotent subgroup M are equivalent: 
(i) G is solvable; 
(ii) the derivatives of M/car(M) are strongly closed in M/car(M). 
Information concerning the structure of the groups characterized in 
Corollary 1 is contained in the following: 
PROPOSITION. Solvable groups G containing maximal and nilpotent sub- 
groups M are tri-nilpotent. More precisely: There exists a p-Sylow group P of G 
andD4C=cor(M)gPDsuch that DgPD, PnD=l, PDdG, 
PDlCis an elementary Abelian normalp-Sylowgroup of G/C, 1 ,< D a PD 4 G 
and GIPD g M/C. Furthermore G = MP. 
Proof. If C = car(M), then cor(M/C) = 1. Let P*/C be a minimal 
normal subgroup (fl) of G/C. Since G/C is solvable, P*/C is an elementary 
Abelian normal p-subgroup of G/C. By Baer ([l], Lemma 2, p. 119) 
C(P*IC) n M/C = 1 and C(P*/C) = P*/C. Since cor(M/C) = 1 and M/C 
is a maximal and nilpotent subgroup of G/C, M/C is a Hall subgroup of G/C. 
Hence P*/C is an elementary Abelian normal p-Sylow group of G/C and 
G/C = (M/C)(P*/C), thus G = MP*, M n P* = C and 
Therefore [G : M] = 1 P*/C I = p’, r > 0. If I G, I = pt, thenpt-+‘/i M /. 
Since (1 P*/C 1, I M/C I) = 1, p+’ ] M/C 1. Hence $+‘/I MI = j C 1 1 M/Cl 
implies p”-‘/l C j = j P* I / P*/C 1-l = I P* I pwr. Thus pt = / G, I divides 
j P* /. Therefore there exists a p-Sylow group P of G which is contained in 
P*. Now observe that C is nilpotent, so that C = C, @ D, where C, is the 
p-Sylow group of C and D is the p-Sylow complement of C, . Since D is 
characteristic in C a P*, D a P*. Since I P*/C 1 = pr, D is a normal Hall 
subgroup of P*. Schur’s lemma implies that P* splits over D. Since the 
p-Sylow group P of G is contained in P*, P* = PD and P n D = 1, so that 
P*lD s P. Now from G = IMP* = MPD = MP the statement follows. 
3. SOLVABLE GROUPS CONTAINING MAXIMAL 2-SYLOW GROUPS 
WHICH ADMIT A NONTRIVIAL PARTITION 
LEMMA 4. If M is a non-Abelian 2-group admitting a nontrivial partition V, 
then 
(a) H,(M)~K~~,K~M,t1+5=1forallt~Kandallx~M-K 
and hence K is Abelian, 
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(b) 1 f Z(M) f K, Z(M) consists of precisely those elements x E K such 
that x2 = 1, 
(c) [M:K]=2#JKj andC(x)=Z(M)@(x)for alZxEM-K, 
(d) r consists of precisely all {x}, where x E M - K, and K (and hence T 
is the only nontrivial partition of M), and 
(e) the nontrivial r-admissible subgroups of Mare precisely the components 
of 57. 
Proof. 
(a) By Kegel([6], Lemma, p. 170), H,(M) is contained in a component K 
of n and K 4 M because M/H,(M) is elementary Abelian. Since r is 
nontrivial, there exists an x E M - K and all x E M - K have o(x) = 2. 
If t E K, then 1 = (tx)” = txtx and therefore x-9x = t-l for all t E K. Thus 
K is Abelian. 
(b) Since M is non-Abelian, K2 f 1. Therefore H,(M) f 1, so that 
there exists h E H,(M) with o(h) > 2. Hence by Baer ([2], Lemma 2.1, 
p. 337), Z(M) < H,(M) < K because each x E M - H,(M) has order 2; 
furthermore, Z(M)2 = 1. Let z E K such that 9 = 1. Consider any 
x E M - K, so that x-?zx = z-l = z. Since K is Abelian, 
{K, M - Kj = M = C(z). 
Thus z E Z(M) and (b) follows. 
(c) Let [M : K] = 2” 3 2; i.e., a 3 1. Nowconsider afixedx E M - K. 
Choose any y E M - K - Kx. Clearly, Kx f  Ky where o(x) = o(y) = 2 
and xy-1 = xy $ K. Hence o(xy) = 2. Since o(x) = o(y) = o(xy) = 2, 
xy = yx. Hence M - K - Kx < C(x). Now consider t E C(x) n K. Since 
xt = tx, by (a) t = x-9x = t-l; i.e., t E Z(M). Hence C(x) n K = Z(M). 
Finally, all elements of Kx which centralize x are the elements in Z(M)x. 
Therefore C(x) consists precisely of the elements in M - K - Kx, Z(M) 
and Z(M)x. Hence by the disjointness of these 3 sets 
I WI = I M - K - Kx I + I Z(M)1 + I Z(M)x I 
= I Ml - 21 K I + 21 Z(M)!. 
Since al1 4 groups have 2-power order and since by (a) and (b) 
1 f Z(M) < K < M, 1 M 1 - 21 K j = 0. Therefore C(x) = Z(M) 0(x} 
for all x E M - K. Furthermore, since M is non-Abelian, 1 K / # 2. 
(d) Since by (c), [M : K] = 2 and K E n, XE rr implies 1 X 1 = 2 
and hence X = {x}, x EM - K. Now statement (d) readily follows. 
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(e) If  1 f  A f  M is a r-admissible subgroup of M, then either A = K 
because [M : K] = 2, or A n K = 1 in which case 1 A 1 = 2 and so 
A = {x}, x E M - K; i.e., A E rr. 
LEMMA 5. If  G contains a subgroup M admitting a nontrivial partition r 
such that there exists a K E rr with M = N(K) and each K f  XE rr has 
j X 1 f  1 K 1, then M n Mg E r and M n Mg-’ E rr implies 
MnMg#KfMnMe-‘. 
Proof. Let M n MgE T and M n Mg-l E rr. Assume M n MB = K. 
Hence M n Me-l = Kg-’ E 71. Since 1 K / = 1 Kg-l I, K = Kg-‘. Thus 
g E N(K) = M, so that M = M n Me E V, contradicting the nontriviality 
of rr. Therefore M n Mg f  K. Similarly M n Mg-l f  K. 
LEMMA 6. If  G contains a se2f-normalizing subgroup M admitting a 
nontrivial partition n such that there exists a K E rr with M = N(K), 
each KfX~rr has as 1x1 the same prime q and IKlfq, and if 
1 # M n Me # M implies M n Me E r, then any S Q M with S < K is 
strongly closed in M. 
Proof. Assume there exists a normal subgroup S 4 M, S < K and 
a g$M such that Mn Sgf 1. Hence 1 # Mn Sg < Mn MQf M, 
so that MnMgErr and Mn Me-lE-r. By Lemma 5, I MnMgI =q. 
Let M n Me = {x}. Therefore M n Sg = M n Mg = (x} < Sg, so that 
Thus 
1 # {K’} < S n MS-’ \( M n Me-’ E n. 
and since 
{xg-‘} = S n Mg-’ = M n MS-l E T, 
M n Me-’ = K, contradicting Lemma 5. Hence M n Sg = 1 for all 
g E G - M and for all S Q M which are contained in K. Sinceg E M implies 
M n Sg = M n S = S, S is strongly closed in M. 
THEOREM 2. The following properties of the group G containing a maximal 
2-Sylow group M, where M/car(M) admits a nontrivial partition rr, are 
equivalent : 
(i) G is solvable; 
(ii) if M/car(M) is non-Abelian, then the conjugates of M/coy(M) intersect 
M/car(M) in n-admissible subgroups. 
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Proof. (i) * (ii). S ince G/car(M) contains the maximal 2-Sylow group 
M/car(M), we may let car(M) = 1. If M is Abelian, there is nothing to show. 
Now let M be non-Abelian. 
Since the 2-group M admits a nontrivial partition n, by Lemma 4 there 
exists an Abelian K 4 M, [M : K] = 2, each x E M - K has o(x) = 2, 
ki+% = 1 for all k E K and for all x E M - K, and rr consists of K and all 
{x} where x E M - K. 
Consider 1 f M n Mg # M. Assume M n Mg $7~. According to the 
structure of M, K n Mg = 1 is equivalent with either M n Mg = {x} E TT, 
or MnMg= 1. Hence if 1 f MnMgfM and MnMg$r, then 
K n MS f 1. Therefore there exists a w E K n Mg with o(w) = 2; 
i.e., by Lemma 4, w E Z(M). Since car(M) = 1, C(w) = M. Now 
consider w E K n MB < MQ and assume w E Z(Mg). This would imply 
M = C(w) >, Mg, which is a contradiction. Hence w E Mg - Kg. Since by 
Lemma 4 the centralizer of w in Mg equals Z(Mg) @ {w}, M = C(w) > Z(Mg). 
Assume Z(M) n Z(Mg) # 1. This would imply the existence of 
1 f v E Z(M) n Z(Mg) and C(v) 3 {M, Mg} = G, 
contradicting car(M) = 1. Hence Z(M) n Z(Mg) = I. Therefore, since by 
Lemma 4 the elements of order < 2 in K are in Z(M), Z(Mg) n K = 1. 
Thus 1 Z(Mg)/ = 1 Z(M)\ = 2, so that K contains precisely one element of 
order 2 and Z(M) = (w}. Since Mis not Abelian and M(l) < K, Z(M) < M(l). 
Since G is solvable and G contains a maximal and nilpotent subgroup M 
with car(M) = 1, by Corollary 1, M(l) is strongly closed in M i.e., 
M n M(l)g < M(l). Therefore, since Z(Mg) < M and Z(M) < M(l), 
Z(Mg) = M n Z(Mg) < M n M(l)8 < M(1) < K, 
so that since 1 Z(Mg)/ = 2 and since Z(M) = {w} is the only subgroup of K 
having order 2, Z(M) = Z(Mg), contradicting Z(M) n Z(Mg) = 1. Hence 
1fMnMgfMimpliesMnMg~r. 
(ii) 3 (i). Since car(M) is nilpotent, it suffices to prove the solvability 
of G/car(M). Hence, for the sake of brevity, let car(M) = 1. If M = 1, 
then G is cyclic (of order a prime) and we are done. Now assume M f 1. 
Therefore M = N(M). If M is Abelian, then (even without the assumption 
that M admits a nontrivial partition) by Huppert ([4], Satz 2), G is solvable 
because a 2-group is regular if and only if it is Abelian (see e.g. Scott [7], 
p. 171, no. 7.5.4). 
Now consider a non-Abelian M. 
Case 1. The conjugates of M intersect M trivially. Since M = N(M), 
g E G - M implies M n Mg f M and hence M n Mg = 1 for all 
g E G - M. Therefore G is a Frobenius group with complement M. Thus G 
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is solvable (and since M is a non-Abelian 2-group and a Frobenius com- 
plement, M is a generalized quaternion group). 
Case 2. There exists a conjugate Mg of M which intersects M in a non- 
trivial r-admissible subgroup. By Lemma 4 the nontrivial rr-admissible 
subgroups of M are the components of rr. By Lemma 4 and Lemma 6 all 
derivatives of M are strongly closed in M. Hence by Corollary 1, G is solvable. 
Ito [I] has shown that there exist simple groups containing a maximal 
2-Sylow group M and M is a dihedral group. Clearly, M has a nontrivial 
partition. In contrast to Ito’s result, the following two consequences are of 
some interest and Corollary 2 was conjectured by Dr. 0. H. Kegel. 
COROLLARY 2. The group G is solvable ;f it meets the following requirements: 
(a) G contains a maximal 2-Sylow group M; 
(b) M admits a nontrivial partition n- such that the conjugates of M 
intersect M in r-admissible subgroups. 
Proof. If M is Abelian, then the statement follows again from Huppert 
([4], Satz 2). Now let M be non-Abelian. 
(A) M r\ Mu is trivial for allg E G. (i) For allg E G - M the intersection 
M n MB = 1. Therefore G is a Frobenius group (with complement M, 
where M is a generalized quaternion group) and hence G is solvable. (ii) There 
exists a g E G - M such that M n Mg = M. Hence g E N(M). Since M is 
maximal, M Q G and hence G is solvable. 
(B) There exists a g E G such that M n Mg E QT. Since M is maximal, 
g E G - M and M = N(M). Since M is non-Abelian, by Lemma 4 and 
Lemma 6 each derivative M(“) of M is strongly closed in M. Let C = car(M). 
Form 
(g-V)(M/C)(“)(gC) n M/C = M(% n M/C 
= (M’“) n M)C/C < M”)C/C = (M/C)‘“‘. 
Therefore the derivatives of M/C are strongly closed in M/C. Hence we may 
apply Corollary 1 and thus G is solvable. 
COROLLARY 3. G is solvable if 
(a) G contains a maximal 2-Sylow group M, 
(b) if the class of M is > 2, th en M admits a nontrivial partition r such 
that the conjugates of M intersect M in v-admissible subgroups. The Proof is 
complete if we refer to Deskins ([3], Theorem 1, p. 306). 
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